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Abstract
We systematically investigate the sound modes of momentum dissipated holographic systems.
In particular, we focus on the Einstein-linear axions and the Einstein-Maxwell-dilaton-axion the-
ories in four-dimensional bulk spacetime dimensions. The sound velocities of the two theories are
computed respectively and the sound attenuation of the Einstein-Maxwell-axion theory is also cal-
culated analytically. We also obtain numeral dispersion relations in the two theories which match
with our analytical results. Our results show that the sound velocity of the Einstein-Maxwell-
dilaton theory with additional linear axion fields is equivalent to that of 2 + 1 - dimensional
Banados-Teitelboim-Zanelli black holes. It allowed us to compare our solution of the Einstein-
linear axions theory with that of systems without translational invariance from another method.
After the computation on the sound velocity, we calculate the quasinormal modes of scalar-type
fluctuations in the Einstein-Maxwell-dilaton-axion theory. The results show that a dynamical
instability is observed under the condition that the null energy condition is violated.
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I. INTRODUCTION
The AdS/CFT correspondence provides a useful tool for the computation of the transport
coefficient of strongly coupled systems by analyzing small perturbations of the black branes
near their equilibrium states [1–3]. For realistic materials without momentum conservation
because of impurities and lattices, the translational symmetry breaking black brane solution
must be employed [4, 5]. The thermoelectric conductivities and magnetotransport coeffi-
cients, which are mainly related to the vector-type perturbation of the metric, are widely
investigated in those models. For tensor type perturbation, the shear viscosity is relevant
(see [6–10] for related references). Any finite temperature medium should propagate sound,
the computation of sound velocity, the quasinormal modes of the scalar-type metric per-
turbation, and its dispersion relation in momentum dissipated systems are important for a
complete understanding of holography.
In this paper, we will study the sound mode and the related dynamical stability of those
momentum dissipated black holes. In addition to the computation of sound velocity, we
will also study quasinormal modes, which corresponds to the scalar type perturbation of
such black holes. The main content of our paper consists of two parts. In the first part,
we focus on Einstein-linear axion model. Actually, sound modes in this model have been
investigated in the previous work [11]. Two sound-like poles collide and produce two purely
imaginary poles when the decay rate Γ is approximately equal to the momentum k (i. e.
Γ ∼ k), through the analysis in [11]. However, we provide another analytical method in
this paper. In the second part, we focus on Einstein-Maxwell-dilaton-axion model. In this
model, the sound mode has not been studied yet. In [12], a black hole solution in the
asymptotic Lifshitz spacetime with a hyperscaling violating factor was utilized to compute
the DC thermoelectric conductivities analytically. Both the linear-T and the quadratic-
T contributions to the resistivity were realized in that model [12]. But the classical null
energy condition is violated. Another motivation of this paper comes from the fact that the
energy driven by the accelerated expansion of the Universe is a kind of energy with large
negative pressure, termed dark energy. The equation-of-state parameter for dark energy w
can be smaller than −1. This seems not only admissible but even preferable for describing
an increasing acceleration as from the most recent estimates w = −1.03 ± 0.03, combining
with Type Ia supernova and baryon acoustic oscillations data [13]. Since such fields may
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be important in our Universe, it is interesting to check their behavior in local phenomena,
for example, in holographic black holes. Here, we will study stability of the black branes
where the null energy condition is violated. Accordingly, we check the imaginary part of the
quasinormal modes for the sound channel. Some unstable quasinormal modes correspond to
the instability of these momentum dissipated theories.
The paper is organized as follows: In sec. II, as a test example, we consider the Einstein-
linear axion model, with the sign of the linear axion terms to be +1 and −1. The negative
sign corresponds to a phantom-like energy. We focus on the black brane system in the
presence of the linear axions. We derive the speed of sound and the sound attenuation
analytically. Numerical computations of the quasinormal modes of such scalar-type pertur-
bations are then carried out. In Sec. III, we review the Einstein-Maxwell-dilaton theory with
additional axion fields. In Sec. IV, the tensor- type perturbation and the boundary field
theory are investigated. In Sec. V, we start to construct the sound channel. We evaluate
the speed of sound, the sound-like quasinormal spectrum with and without the phantom-like
term. The Sec. VI is the summary and discussion. In the appendix, we collect the master
equations.
II. SOUND MODES OF BLACK BRANE WITH LINEAR AXIONS
In this section, let us focus on an Einstein-axion theory of momentum relaxation only
consisting of linear axion fields [4]. This model plus a Maxwell field is dual to a simple
translational symmetry breaking condensed matter system and has been widely studied
recently. The action is given as
S =
∫
M
d4x
√−g
[(
R− 2Λ− ε
2
2∑
i=1
∂χ2i
)]
− 2
∫
∂M
d3x
√−γK, (1)
where Λ = −3 and ε = ±1 distinguishes normal, canonical scalar fields (ε = +1) and
phantom fields (ε = −1). The black brane solution takes the form [4]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dx2 + dy2) ,
f(r) = r2 − εβ
2
− m
r
, χi = βδiax
a, (2)
where a labels the spatial directions {x, y}, i labels the axion fields and β is a real-valued
constant. In the absence of the linear axion fields, the metric reduces to three-dimensional
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Schwarzschild-anti-de Sitter (AdS) black hole. The Hawking temperature of this black hole
is given by T = 1
4pi
(3rH − β22rH ) and the entropy density s = 4pir2H where rH is the horizon
radius.
The tensor mode of this black hole and the shear viscosity have been studied in [8]
and the shear viscosity bound was found to be violated strongly. The vector mode and
corresponding electrical conductivity are also studied in [4]. For the sound mode, we are
going to choose the following gauge as hµr = 0
1. In the absence of the Maxwell field, the
only nonzero fluctuations are htt, hxx, hyy, htx and δχi (see also [14]). We focus on a single
Fourier component that propagates along the x direction
htt = −e−iωt+ikxgttHtt , htx = hxt = e−iωt+ikxgxxHtx, (3)
hxx = e
−iωt+ikxgxxHxx , hyy = e−iωt+ikxgyyHyy, (4)
δχi = e
−iωt+ikxXi(r) . (5)
The linearized equations of motion for the nonzero fluctuations htt, hxx, hyy, htx and δχi
could be obtained as,
H ′′tt + ln
′
(
gttgxx
g
1/2
rr
)
H ′tt − ln′(g1/2tt )H ′ii − grr
(
ω2
gtt
Hii +
k2
gxx
Htt + 2
ωk
gtt
Htx
)
= 0 , (6)
H ′′tx + ln
′
(
g2xx
g
1/2
rr g
1/2
tt
)
H ′tx +
grr
gxx
ωkHaa + h(β)Htx − iεβω grr
gxx
X1 = 0 , (7)
H ′′xx + ln
′
(
g
1/2
tt g
3/2
xx
g
1/2
rr
)
H ′xx + ln
′(g1/2xx )
(
H ′yy −H ′tt
)
+ h(β)Hxx
+grr
(
− ω
2
gtt
Hxx +
k2
gxx
(Htt −Hyy) + 2ωk
gtt
Htx
)
+ 2iεkβ
grr
gxx
X1 = 0 , (8)
H ′′yy + ln
′
(
g
1/2
tt g
3/2
xx
g
1/2
rr
)
H ′yy + ln
′(g1/2xx )
(
H ′xx −H ′tt
)
− grr
(
ω2
gtt
+
k2
gxx
)
Hyy
+h(β)Hyy = 0 , (9)
X ′′1 +
(
ln
g
1/2
tt gxx
g
1/2
rr
)
X ′1 + grr
(
ω2
gtt
− k
2
gxx
)
X1
−iβgrr
[
k
2gxx
Htt +
ω
gtt
Htx +
k
2gxx
(Hxx −Hyy)
]
= 0 , (10)
where Hii = {Hxx, Hyy} and
h(β) = 2Λgrr +
g′ttg
′
xx
2gttgxx
− g
′
rrg
′
xx
2grrgxx
+
g′′xx
gxx
(11)
1 After careful calculations, we are confirmed that the gauge hµr = 0 is consistent with the whole equations
of motion even when the linear axions break the translational invariance.
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Besides, there are three additional first-order constraint equations associated with the gauge
fixing condition given as,
H ′ii + ln
′
(
g
1/2
xx
g
1/2
tt
)
Hii +
k
ω
H ′tx + 2
k
ω
ln′
(
g
1/2
xx
g
1/2
tt
)
Htx = 0 ,
H ′tt − ln′
(
g
1/2
xx
g
1/2
tt
)
Htt +
ω
k
gxx
gtt
H ′tx −H ′yy + iε
β
q
χ′1 = 0 , (12)
ln′
(
g1/2xx g
1/2
tt
)
H ′ii − ln′(gxx)H ′tt + grr
[
− ω
2
gtt
Hii +
k2
gxx
(Htt −Hyy) + 2ωk
gtt
Htx
]
+iεβk
grr
gxx
X1 + h(β)
2
Hii = 0 . (13)
According to the incoming boundary conditions at u = 1 and the Dirichlet boundary con-
ditions at u = 0, we solve the following differential equations for ε = ±1
3f ′H ′tt
2f
−
(
2
r
+
f ′
2f
)(
H ′xx +H
′
yy
)
+H ′′tt −
(
H ′′xx +H
′′
yy
)
= 0 , (14)
k
[
Htt
(
1
r
− f
′
2f
)
−H ′tt +H ′yy
]
− r
2ωH ′tx
f
= 0 , (15)
kH ′tx
(
2
r
− f
′
f
)
+ ω(Hxx +Hyy)
(
1
r
− f
′
2f
)
+ kH ′tx + ω
(
H ′xx +H
′
yy
)
= 0 , (16)
4
r
H ′tt +
2 (m− 4r3 + rβ2)
r (−2m+ 2r3 − rβ2)
(
H ′xx +H
′
yy
)
+
4k2
2mr − 2r4 + r2β2 (Htt −Hyy)
− 2 (2mβ
2 + rβ4 − 2r3 (β2 − 2ω2))
r (2m− 2r3 + rβ2)2 (Hxx +Hyy)−
16kr2ω
(2m− 2r3 + rβ2)2Htx = 0 . (17)
The pure gauge solutions of these differential equations to the linear order in ω and k yield
HIxt = −ω , HIxx = 2k ,
HIItt = 2ω , H
II
xt = kf ,
HIIIxx = −8f 1/2 , HIIIyy = −8f 1/2 . (18)
For the ε = +1 case, the incoming solutions of these differential equations to linear order in
5
ω and k are
H inctt = −
(
1− m
r3
− β
2
2r2
)− iω
6
(
24 +
√
2
12
(√
2 + ln 3
)β2) ,
H incxx = −
(
1− m
r3
− β
2
2r2
)− iω
6
(
1− 1
6
iω ln
[
1
3
(
1 +
1
r2
+
1
r
)]
− 24− ln 3
12
√
2
(√
2 + ln 3
)β2) ,
H incyy =
(
1− m
r3
− β
2
2r2
)− iω
6
(
1− 1
6
iω ln
[
1
3
(
1 +
1
r2
+
1
r
)]
− 24− ln 3
12
√
2
(√
2 + ln 3
)β2) ,
H inctx =
(
1− m
r3
− β
2
2r2
)− iω
6
(
−1
6
ik
(
1− 1
r3
))
. (19)
Then, the general solution of these differential equations isHµν = aH
inc
µν +bH
I
µν+cH
II
µν+dH
III
µν
. The coefficients a, b, c, d can be expressed in terms of the boundary field H0µν = Hµν |r→∞,
where H0µν is H
0
tt, H
0
s = H
0
xx +H
0
yy, H
0
yy, H
0
tx. We find a, b, c, d are all proportional to
F−1(ω, k) =
[
−4
3
k2
(
−4iω +
(
24 +
√
2
)
√
2β2 + ln 3
)
−2
3
(
k2 − 2ω2)(24 + 4iω ln 3 + √2(−24 + ln 3)√
2 + ln 3
β2
)]−1
.
(20)
The location of the pole up to order of O(ω2, ωk, k2) is given by the equation F(ω, k) = 0.
The retarded Green’s functions have the pole at
ω = ± 1√
2
(
1 +
(
24 +
√
2
)
β2
24
(√
2 + ln 3
)) k − i
12
(
1 + β2
)
k2 , (21)
corresponding to the speed of sound
vs(ε = 1) =
1√
2
(
1 +
(
24 +
√
2
)
β2
24
(√
2 + ln 3
)) . (22)
When β is strictly zero, the speed of sound is 1/
√
2, exactly agreeing with the result of
the conformal field theory. When β 6= 0, Eq. (22) shows that sound-like modes exist in
the range of short distance. According to what we have mentioned in the Introduction,
the analysis suggests that breaking translational invariance makes the sound mode decay
[11], and we can look for the possible sound-like poles of the retarded Green function in
an expansion when decay rate is small enough. The speed of sound (22) is shifted by β,
and violates the bound v2s ≤ 1/p (p = 2) for the 4D gravity dual theory. Indeed, there are
several examples in holography where the bound can be violated [15–18]. For translational
symmetry breaking systems, the longitudinal sound velocity can be modified by the charge-
density-wave or spin-density-wave (see for example [19]). The bound v2s ≤ 1/p (p = 3) has
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been verified in several classes of strongly coupled theories with 5D gravity dual, such as the
Sakai-Sugimoto model [20, 21], the D3 = D7 system [22], the single scalar model [23, 24]
and the N = 2∗ gauge theory [25]. Therefore, the violation of the sound speed bound is
worth future investigations. The sound attenuation 1+β
2
12
is a monotonic function for  = +1.
Actually, the imaginary part of ω is always negative in the  = +1 case, which indicates
that quasinormal modes of the black hole are quite stable no matter how large β are.
For the  = −1 case, the incoming solutions of these differential equations to the linear
order in ω and k are given by
H inctt =
(
1− m
r3
+
β2
2r2
)− iω
6
(
24 +
√
2
12
(√
2 + ln 3
)β2) ,
H incxx = −
(
1− m
r3
+
β2
2r2
)− iω
6
(
1− 1
6
iω ln
[
1
3
(
1 +
1
r2
+
1
r
)]
+
24− ln 3
12
√
2
(√
2 + ln 3
)β2) ,
H incyy =
(
1− m
r3
+
β2
2r2
)− iω
6
(
1− 1
6
iω ln
[
1
3
(
1 +
1
r2
+
1
r
)]
+
24− ln 3
12
√
2
(√
2 + ln 3
)β2) ,
H inctx =
(
1− m
r3
+
β2
2r2
)− iω
6
(
−1
6
ik
(
1− 1
r3
))
. (23)
Green’s functions have the pole at
ω = ± 1√
2
(
1−
(
24 +
√
2
)
β2
24
(√
2 + ln 3
)) k − i
12
(
1− β2) k2 . (24)
The corresponding sound velocity is
vs(ε = −1) = 1√
2
(
1−
(
24 +
√
2
)
β2
24
(√
2 + ln 3
)) . (25)
The sound attenuation in this case is 1−β
2
12
. The sound attenuation is negative when β > 1.
Whenever ε = ±1, the speed of the sound wave could be definitely able to recover 1/√2 in
the small β limit [26].
To investigate stability in the previous paragraph, one can further study the null energy
condition. The averaged null energy condition states that for any integral curve of the null
vector field Ka, we must have
∫
TabK
aKb ≥ 0 or equivalently T tt + T xixi ≥ 0, where Tab is
the stress tensor. Since the Hawking temperature must be non-negative T ≥ 0, this gives a
constraint for β. And together with the location of the event horizon, β is less than
√
6m1/3.
Then the null energy condition is satisfied T tt+T xixi > 0 for any r range from rH to infinity.
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Therefore, the null energy condition is satisfied for the ε = 1 case. However, if ε = −1 and
β 6= 0, the imaginary part of ω may be positive and signals the dynamical instability of the
black hole. The null energy condition is violated T tt + T xixi → −2β2 < 0 as r → ∞. The
possible reason for such a dynamical instability situation may be that ε = −1 corresponds
to the phantom case. In order to examine the impacts of axion on the stability of the black
hole, numerical computations of the quasinormal modes corresponding to equations (6-10)
are presented in Fig. 1. We first consider the β = 0 case, which reduces to the stable
Schwarzschild-AdS case. When β 6= 0 and ε = 1, the black hole receives corrections from
linear axions but it is still stable as shown in (b) of Fig. 1. As to the phantom-like case β 6= 0
and ε = −1, shown in (c) and (d) of Fig. 1, the imaginary part of the quasinormal modes
becomes positive as β > 1, indicating instabilities of the black hole. However, as β < 1,
the unstable modes do not appear. These numerical results are in fact consistent with
(21) and (24). Note that we have taken the coordinate transformation z = rH/r, and the
horizon condition gives a constraint for m = r3H − r2Hβ2/2. Without losing generality, we set
rH = 1, inserted the dimensionless frequency and momentum ω = ω/(2piT ) , k = k/(2piT )
and imposed the incoming condition with f(r)−
i
2
ω.
III. HYPERSCALING VIOLATING BLACK HOLE SOLUTIONS
In [12], a black hole solution in Einstein-Maxwell-axion-dilaton theory with a hyperscaling
violation exponent was obtained. This black hole solution is not really an asymptotic AdS
solution and in principle can be interpreted as an IR geometry embedded in the AdS space.
The linear-temperature-dependence resistivity and quadratic-temperature-dependence in-
verse Hall angle can be achieved through the gauge-gravity duality (see also [27–30] for
related references). Here, we study the stability of the black hole in the case that the null
energy condition is violated. The Einstein-Maxwell-dilaton theory with additional axion
fields, which is used for breaking translational invariance in the boundary theory, is given
by [12]
S =
∫
d4x
√−g
[(
R + V (φ) +
1
2
∂φ2 − 1
2
Y (φ)
2∑
i=1
∂χ2i
)
− 1
4
Z(φ)F 2
]
. (26)
where we selected 16piG = g2 = L = kB = e = 1, where L is the AdS radius, g
2 is the
3 + 1-dimensional gauge coupling constant, and G is the Newton’s constant.
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(a) (b)
(c) (d)
FIG. 1: The quasinormal modes for the fluctuations of the metric and axion field with different
overtone numbers n in the complex plane. (a) The quasinormal modes with  = ±1 and β = 0.
(b) The quasinormal modes with  = +1 and β = 1.05. (c): The imaginary part of quasinormal
modes are negative with  = −1 and β = 0.95. (d): A pair of poles occurs in the upper half plane
when  = −1 and β = 1.05. Here we have neglected overdamped modes.
The full black hole solution is given by
ds2 = −gttdt2 + grrdr2 + gxx(dx2 + dy2)
= r−θ
[
− r2f(r)dt2 + dr
2
r2f(r)
+ r2(dx2 + dy2)
]
,
f(r) = 1− m
r2
− q
2 ln r
2r2
− β
2
r
+
B2
8r4
, (27)
A = q ln rdt+
B
2
(xdy − ydx), eφ = r, χi = βδiaxa,
V (φ) = 2r + Cr−3, Z(φ) = r−1, Y (φ) = r,
where θ, m, q, and B are the parameters related to the hyperscaling violation factor, mass,
charge, and magnetic field, respectively. Solving the equations of motion, we find that only
when the constant C takes the form C(r) = B2/8, the Einstein equation is satisfied. It
9
is intriguing to see that the magnetic field B appears in the potential V (φ), and this is
because we only consider the IR geometry so that the magnetic field is fixed in the action.
The boundary is located at r → +∞ and the nondegenerate horizon is located at r = rH
where f(rH) = 0. The Hawking temperature is given by T =
rH
2pi
(
1− q2
4r2H
− β2
2rH
− B2
8r4H
)
and
the entropy density is S = 4pirH .
IV. TENSOR-TYPE PERTURBATIONS
Now the problem is that a positive kinetic term of the dilaton in the action looks like a
phantom term. In our case the dilaton field φ only depends on the radial coordinate. Next,
let us investigate whether a positive kinetic term of dilaton leads to pathological boundary
field theory by exploring the causality analysis, since one may worry that the violation of the
null energy condition could result in nonunitary deformation and negative field couplings.
Considered the tensor type of perturbation of the form hxy = e
−iωt+ikxxhxy(r), the equation
of motion for hxy is given by
∂r
(
N ry∂rhxy
)
− k2xN xyhxy − ω2N tyhxy = 0, (28)
with the notation N µν = 1
2
gxx
√−ggµµgνν . In order to check the causality on the boundary,
we simply assume
hxy = e
−iωt+ikxx+ikrr. (29)
In the large-momentum limit, the effective geodesic equation can be rewritten as kµkνgeffµν =
0, from which we can read off the effective metric as follows
ds2eff = f(r)
(
− dt2 + 1
f(r)
dx2
)
+
1
r4f(r)
dr2. (30)
The local speed of light is then given by
c2g = f(r). (31)
In the standard Ferrerman-Graham coordinate v = 1/r → 0, the expansion of the function
can be written as
f = 1− β2v − v2
(
1
2
q2 log(v)−m
)
+O(v4). (32)
We can expand the local speed of light near the boundary v → 0
c2g − 1 = −β2v +O(v2). (33)
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Note that the local speed of gravitons should be smaller than 1 (the speed of the boundary
conformal field theory) and this requires c2g−1 < 0. This then leads to the condition β2 > 0.
This requirement is automatically satisfied by the value of β obtained in the black hole
solution 2.
As it was proved in [31–34], the group velocity of the graviton is given by
vg =
∆x
∆t
∼ cg. (34)
That is to say, as near the boundary cg is smaller than 1, the propagation of signals in the
boundary theory with speed ∆x
∆t
cannot be superluminal.
V. SOUND MODES
For simplicity of the calculations of sound modes, we consider a neutral case of black
hole solutions given in (35) with q = 0 and B = 0 in what follows. The black hole solution
becomes
ds2 = −gttdt2 + grrdr2 + gxx(dx2 + dy2)
= r−θ
[
− r2f(r)dt2 + dr
2
r2f(r)
+ r2(dx2 + dy2)
]
,
f(r) = 1− m
r2
− β
2
r
, (35)
eφ = r, χi = βδiax
a,
V (φ) = 2r, Z(φ) = r−1, Y (φ) = r,
Inserting the similar definitions of the gauge and fluctuations as in Sec. II,
htt = −e−iωt+ikxgttHtt, htx = hxt = e−iωt+ikxgxxHtx, (36)
hxx = e
−iωt+ikxgxxHxx, hyy = e−iωt+ikxgyyHyy, (37)
δφ = e−iωt+ikxP(r), δχi = e−iωt+ikxXi(r), (38)
2 Note that we did not study the tensor type perturbations in the previous section since some related
discussions have already been done in [9].
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to the equations of motion for the action (26), we expand all the equations of motion at a
linearized level as
H ′′tt + ln
′
(
gttgxx
g
1/2
rr
)
H ′tt − ln′(g1/2tt )H ′ii − grr
(
ω2
gtt
Hii +
k2
gxx
Htt + 2
ωk
gtt
Htx
)
+2rgrrP = 0, (39)
H ′′tx + ln
′
(
g2xx
g
1/2
rr g
1/2
tt
)
H ′tx +
grr
gxx
ωkHaa + h(β)Htx − iβωr grr
gxx
X1 = 0, (40)
H ′′xx + ln
′
(
g
1/2
tt g
3/2
xx
g
1/2
rr
)
H ′xx + ln
′(g1/2xx )
(
H ′yy −H ′tt
)
(41)
+grr
(
ω2
gtt
Hxx +
k2
gxx
(Htt −Hyy) + 2ωk
gtt
Htx
)
+ h(β)Hxx − (2− β
2
gxx
)rgrrP
+2ikβr
grr
gxx
X1 = 0, (42)
H ′′yy + ln
′
(
g
1/2
tt g
3/2
xx
g
1/2
rr
)
H ′yy + ln
′(g1/2xx )
(
H ′xx −H ′tt
)
+ grr
(
ω2
gtt
− k
2
gxx
)
Hyy
+h(β)Hyy −
(
2− β
2
gxx
)
grrrP = 0, (43)
P ′′ + ln′
(
g
1/2
tt gxx
g
1/2
rr
)
P ′ + grr
(
ω2
gtt
− k
2
gxx
+ β2r
1
gxx
)
P + 1
2
φ′(Hii −Htt)′
−β
2
2
r
grr
gxx
Hii − iβkr grr
gxx
X1 − 2rgrrP = 0, (44)
X ′′1 +
(
1
r
+ ln
g
1/2
tt gxx
g
1/2
rr
)
X ′1 + grr
(
ω2
gtt
− k
2
gxx
)
X1
−iβgrr
[
k
2gxx
Htt +
ω
gtt
Htx +
k
2gxx
(Hxx −Hyy)
]
= 0, (45)
where h(β) = −β2grr. Note that we take q = 0 and B = 0 in (39)-(45). The presence of
the U(1) field makes the calculation of the sound speed more complicated and more tedious
and usually the fluctuations of gauge fields do not modify the sound velocity (see [35] for an
example).
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The constraint equations associated with the gauge fixing condition hµr = 0 are
H ′ii + ln
′
(
g
1/2
xx
g
1/2
tt
)
Hii +
k
ω
H ′tx + 2
k
ω
ln′
(
g
1/2
xx
g
1/2
tt
)
Htx − φ′P = 0, (46)
H ′tt − ln′
(
g
1/2
xx
g
1/2
tt
)
Htt +
ω
k
gxx
gtt
H ′tx −H ′yy + φ′P + iβ
r
q
χ′1 = 0, (47)
ln′
(
g1/2xx g
1/2
tt
)
H ′ii − ln′(gxx)H ′tt + grr
[
ω2
gtt
Hxx +
k2
gxx
(Htt −Hyy) + 2ωk
gtt
Htx
]
+φ′P ′ − 2rgrrP + iβkr grr
gxx
X1 + β2rgrrP + 1
2
h(β)Hii = 0. (48)
One may note that there is still a residual gauge freedom under the infinitesimal diffeomor-
phism
xµ → xµ + ξµ,
δgµν → δgµν −∇µξν −∇νξµ, (49)
δφ→ δφ− ∂µφξµ,
δχi → δχi − ∂µχξµ, (50)
where ξµ = ξµ(r)e
−iωt+ikx. We can check that the following combinations are a set of gauge
invariant fluctuations
ZH = 2kωHtx + ω
2Hxx + k
2 gtt
gxx
Htt +
(
k2
ln′(g1/2tt )gtt
ln′(g1/2xx )gxx
− ω2
)
Hyy, (51)
Zφ = P − φ
′
ln′(gxx)
Hyy, (52)
Zχ = X1 − i
2k
βφ′
ln′(gxx)
(Hxx −Hyy). (53)
It is convenient to deal with fluctuations by introducing ZH , Zφ, Zχ [36]. ZH is the
gauge-invariant combination linear in gravitational fluctuations of the sound channel :
htt, htx, hxx, hyy. Unfortunately, we are not able to totally decouple the equations of mo-
tion in the presence of the linear axion fields. The resulting master equations are given in
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the Appendix
Z ′′φ +
m+ (2β2 − 3r)r
r[m+ (β2 − r)r]Z
′
φ +
mk2 + r[(β2 − r)k2 + rω2r]
r2[m+ (β2 − r)r]2 Zφ
+
ikβ
r[m+ (β2 − r)r]Zχ = 0 , (54)
Z ′′H + F(r)Z ′H + G(r)ZH +H(r)Zφ = K(r)χ′1 + S(r)Hyy , (55)
Z ′′χ +
m+ (2β2 − 2r)r
r[m+ (β2 − r)r]Z
′
χ +
m(k2 − β2r) + r[k2(β2 − r) + r(β2r − β4 + ω2)]
r2[m+ (β2 − r)r]2 Zχ
− iβ
k[m+ (β2 − r)r]2ZH = 0 . (56)
In the β = 0 case, the axion fields and the equation for Zχ do not appear. Under this
condition, the master equations reduce to two decoupled equations for Zφ and ZH as given
in [37–39]. We can impose the ingoing boundary as follows
Zφ = f(r)
− iω
4piT
(
Y0(r) + kY1(r) + . . .
)
,
ZH = f(r)
− iω
4piT
(
Y0(r) + kY1(r) + . . .
)
,
ω(k) = ω1k + ω2k
2 + . . . . (57)
Inserting this ansatz into (A1), expanding the result in powers of k and neglecting terms
of O(k2) and higher, we find that the only nonsingular solution for Zφ is a constant, which
we set to zero by the boundary conditions at infinity. Inserting now Zφ = 0 into the main
equation for ZH and solving perturbatively with the Dirichlet boundary condition as given
in [37–39]
ZH(r)
∣∣∣∣
r=∞
= 0, (58)
we obtain the expression for ω(k) as follows
ω = k +O(k2). (59)
We finally obtain the sound velocity as
vs = 1. (60)
This indicates that the sound velocity obtained here coincides with the sound velocity of
2 + 1-dimensional BTZ black holes. There exists a class of charged BTZ-like black hole
solutions in Lifshitz spacetime with a hyperscaling violating factor [40].
14
As a double check, we follow [38], notice that the condition Rtt = R
x
x is satisfied for our
case and expand −gtt as
− gtt = a0
a2 − pgxx + a1g
a2−p+1
xx , (61)
where a0, a1 and a2 are constants independent of r and p is the number of the spatial
dimensions. Now we return to the equation for ZH and go through the same steps of
inserting the incoming wave condition. Expanding in powers of k and applying the boundary
conditions leads to the dispersion relation
ω(k) =
√
a0 − a2
p
k +O(k2). (62)
Comparing this dispersion relation with the expected hydrodynamics dispersion relation, we
obtain the speed of sound [38]
vs =
√
a0 − a2
p
. (63)
In our case, a0 = 2, a2 = 0 and p = 2. Therefore the speed of sound reads vs = 1.
So far, the results are obtained in the β → 0 limit. Since we are not able to decouple the
equations of motion in the absence of the momentum dissipation, we would like to consider
solving this problem numerically. Moreover, we have not considered the shear viscosity and
bulk viscosity in this setup. It was found in [8, 9] that the shear viscosity to entropy density
ratio can be greatly modified in the presence of the momentum dissipation in the AdS space.
We expect that the bulk viscosity could also receive great modifications in the presence of
the momentum dissipation term.
Although the explicit form of the sound velocity vs could not be evaluated, the contri-
bution of β to vs still could be discussed briefly. Y0(r) and Y1(r) are regular at the horizon.
Accordingly, without the loss of generality, the boundary condition at the horizon
f(r)
−iω
4piT ZH(r)
∣∣∣∣
r= 1
2
(
β2+
√
4m+β4
) = 1. (64)
Imposing the two boundary conditions (58), (64) and expanding with small k and β, we
obtain the sound velocity is 1 for the leading order in O(k0). When β = 0, vs could
return to (60). For the next-to-leading order, this approach is not enough to determine the
contribution of β to the sound velocity.
In order to see whether the phantom-like term ∂φ2 introduces any instabilities, we com-
pute the quasinormal modes numerically for the sound channel in leading order O(k) [41–45].
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FIG. 2: Plots of the sound-like poles by introducing gauge invariant master field ZH , Zφ , Zχ.
Left: The sound-like quasinormal spectrum with various k at fixed β = 0. Three pairs of poles
demonstrate the dispersion relation ω = ±k. Notice that the K(r)χ′1 + S(r)Hyy term in (55)
vanishes if β = 0. As a result, the master equations (54)-(56) can be solved together. Right: The
sound-like quasinormal spectrum at β = 0.1 and k = 1. Up to the leading order in k expansion,
the fluctuation equation (55) is decoupled. The points from top to bottom correspond to n = 0 to
n = 6, respectively.
We could further rewrite the expressions in terms of the dimensionless frequency and mo-
mentum ω = ω/(2piT ) , k = k/(2piT ) where T = rH
2pi
(1 − β2
2rH
) is Hawking temperature and
rH is the horizon radius. We take u = rH/r and further require the incoming condition
ZH(u) = ZH(u)f(u)− 12 (iω) , Zφ(u) = Zφ(u)f(u)− 12 (iω) and Zχ(u) = Zχ(u)f(u)− 12 (iω).
The quasinormal frequencies with ω , k are plotted in Fig. 2. Note that ω = ω , k = k
when β = 0. Remarkably, as β = 0, the numerical calculation yields the real part of
the quasinormal frequency Re ω = ±k, inferring the sound velocity is vs = 1 which is
agreeing with (59). In fact, we have checked that the quasinormal modes change little when
ω → ω , k→ k. In this sense, we could still use ω and k in the previous sections. As β 6= 0,
the imaginary part of quasinormal frequency becomes positive for different n as shown in
Fig. 2. This result signalizes that the background black hole is unstable.
VI. DISCUSSION AND CONCLUSION
In this paper, the sound modes of momentum dissipated holographic systems and their
stability are investigated. We focus on two holographic models, and investigate the sound
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velocity, the quasinormal modes of scalar-type metric perturbation and the dispersion re-
lation. Concerning the observational dark energy in the Universe, we study phantom-like
terms and their influences on the dynamical stability of holographic black holes.
We first study the Einstein-linear axion model, and calculate the sound velocity and
attenuation. We first develop a new analytical method for this model, which is different
from [11], and solve the coupled equations of the scalar-type perturbation without exploring
the master field equation. But the result is comparable to that of [11] and in a certain
limit can recover the result given in [11]. Moreover, we also present our numerical results
in Fig. 1. Our numerical result suggests that phantom-like terms might lead to dynamical
instability. At the qualitative level, the analytical and numerical results agree with each
other very well. This numerical method is effective to compute fluctuations equations which
are actually not decoupled.
We then study Einstein-Maxwell-dilaton-axion model, including the dynamical stability of
the hyperscaling violating black hole solutions. The tensor-type perturbation and causality
are discussed in this black hole background. No causality violation happens. The sound
velocity and quasinormal modes of the sound modes have been studied in this background.
We analytically obtain the dispersion relation from master equations up to the leading order
in k expansion and the leading order in β expansion. The analytical result matches with the
exact numerical result from master equations at fixed β = 0. In the same way, we obtain
the quasinormal frequency with β 6= 0. According to the sound-like poles with β 6= 0 in Fig.
2, we conclude that an instability driven by phantom-like term exists in the hyperscaling
violating black hole. The instability and the unstable quasinormal modes found here may
be related to the chaos behavior found in [46]. Frequency and momentum follow from a
dispersion relation of a hydrodynamic sound mode give holographic Lyapunov exponent λL
and the butterfly velocity vB as in [46]. The momentum is conserved in this holographic
system. So it is natural to ask what about the momentum dissipated case? We leave it for
future study.
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Appendix: THE MASTER EQUATIONS
In this appendix, we collect the master equations for the fluctuations of momentum
relaxed theories in Sec. V.
Z ′′φ +
m+ (2β2 − 3r)r
r[m+ (β2 − r)r]Z
′
φ +
mk2 + r[(β2 − r)k2 + rω2r]
r2[m+ (β2 − r)r]2 Zφ
+
ikβ
r[m+ (β2 − r)r]Zχ = 0 ,
Z ′′H + F(r)Z ′H + G(r)ZH +H(r)Zφ = K(r)χ′1 + S(r)Hyy , (A1)
Z ′′χ +
m+ (2β2 − 2r)r
r[m+ (β2 − r)r]Z
′
χ +
m(k2 − β2r) + r[k2(β2 − r) + r(β2r − β4 + ω2)]
r2[m+ (β2 − r)r]2 Zχ
− iβ
k[m+ (β2 − r)r]2ZH = 0 ,
where
F(r) = m (q
2 (3β2 − 2r) + 2rω2) + r (q2 (4β4 + 6r2 − 9β2r) + 2rω2 (2β2 − 3r))
r (r (r − β2)−m) (q2 (2r − β2)− 2rω2) ,
G(r) =
[
m
(
q4
(
2r − β2)+ 2q2r (−2β4 + 2β2r − ω2)− 2β2r2ω2)− 2β2m2q2 − r
(
q4
(
β4 + 2r2 − 3β2r)+ q2r (2β6 + 3β2ω2 + 2β2r2 − 4r (β4 + ω2))+ 2r2ω2 (β4 − β2r + ω2)) ][
r2
(
m+ r
(
β2 − r))2 (q2 (2r − β2)− 2rω2) ]−1,
H(r) = −q
2 (2m+ β2r) (m (q2 (4r − β2)− 4rω2) + β2r2 (q2 − 2ω2))
r4 (r (r − β2)−m) (q2 (2r − β2)− 2rω2) ,
K(r) = −2iβq (m+ r (β
2 − r)) (m (q2 (β2 − 4r) + 4rω2)− β2r2 (q2 − 2ω2))
r2 (r (r − β2)−m) (q2 (2r − β2)− 2rω2) ,
S(r) = −2β
2q2 (m (q2 (β2 − 4r) + 4rω2)− β2r2 (q2 − 2ω2))
r3 (r (r − β2)−m) (q2 (2r − β2)− 2rω2) .
[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.
Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [hep-th/9711200].
[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical
string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].
[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-
th/9802150].
18
[4] T. Andrade and B. Withers, A simple holographic model of momentum relaxation, JHEP 05
(2014) 101 [arXiv:1311.5157]
[5] M. Blake and D. Tong, Universal Resistivity from Holographic Massive Gravity, Phys. Rev.
D 88 (2013) 106004 [arXiv:1308.4970]
[6] P. Burikham and N. Poovuttikul, Shear viscosity in holography and effective theory of trans-
port without translational symmetry, Phys. Rev. D 94, 106001 (2016) [arXiv:1601.04624].
[7] V. Jahnke, A. S. Misobuchi, and D. Trancanelli, Holographic renormalization and anisotropic
black branes in higher curvature gravity, J. High Energy Phys. 01 (2015) 122.
[8] S. A. Hartnoll, D. M. Ramirez, and J. E. Santos, Entropy production, viscosity bounds and
bumpy black holes, J. High Energy Phys. 03 (2016) 170.
[9] Y. Wang and X. H. Ge, Shear viscosity to entropy density ratio in higher derivative gravity
with momentum dissipation, Phys. Rev. D 94 (2016) 066007.
[10] Y. Ling, Zhuoyu Xian and Z. Zhou, “Holographic shear viscosity in hyperscaling violating the-
ories without translational invariance,” J. High Energy Phys. 11 (2016) 007 [arXiv:1605.03879].
[11] R. A. Davison and B. Goutraux, “Momentum dissipation and effective theories of co-
herent and incoherent transport,” JHEP 1501, 039 (2015) doi:10.1007/JHEP01(2015)039
[arXiv:1411.1062 [hep-th]].
[12] X. H. Ge, Y. Tian, S. Y. Wu and S. F. Wu, “Hyperscaling violating black hole solutions and
Magneto-thermoelectric DC conductivities in holography,” Phys. Rev. D 96, no. 4, 046015
(2017) Erratum: [Phys. Rev. D 97, no. 8, 089901 (2018)] doi:10.1103/PhysRevD.96.046015,
10.1103/PhysRevD.97.089901 [arXiv:1606.05959 [hep-th]].
[13] N. Aghanim et al. [Planck Collaboration], “Planck 2018 results. VI. Cosmological parameters,”
arXiv:1807.06209 [astro-ph.CO].
[14] G. Bertoldi and C. Hoyos-Badajoz, Stability of linear dilaton black holes at the Hagedorn
temperature, JHEP 0908, 078 (2009) [arXiv:0903.3431 [hep-th]].
[15] N. Jokela and A. V. Ramallo, “Universal properties of cold holographic matter,” Phys. Rev.
D 92, no. 2, 026004 (2015) doi:10.1103/PhysRevD.92.026004 [arXiv:1503.04327 [hep-th]].
[16] G. Itsios, N. Jokela and A. V. Ramallo, “Collective excitations of massive flavor branes,” Nucl.
Phys. B 909, 677 (2016) doi:10.1016/j.nuclphysb.2016.06.008 [arXiv:1602.06106 [hep-th]].
[17] C. Hoyos, N. Jokela, D. Rodrguez Fernndez and A. Vuorinen, “Breaking the sound barrier
in AdS/CFT,” Phys. Rev. D 94, no. 10, 106008 (2016) doi:10.1103/PhysRevD.94.106008
19
[arXiv:1609.03480 [hep-th]].
[18] C. Ecker, C. Hoyos, N. Jokela, D. Rodrguez Fernndez and A. Vuorinen, “Stiff phases
in strongly coupled gauge theories with holographic duals,” JHEP 1711, 031 (2017)
doi:10.1007/JHEP11(2017)031 [arXiv:1707.00521 [hep-th]].
[19] S. N. CoppersmithC. M. Varma, “Shift in the longitudinal sound velocity due to sliding charge
density waves,” Phys. Rev. B 30, 3566(R)
[20] P. Benincasa and A. Buchel, “Hydrodynamics of Sakai-Sugimoto model in the quenched
approximation,” Phys. Lett. B 640, 108 (2006) doi:10.1016/j.physletb.2006.07.043 [hep-
th/0605076].
[21] W. Cai and S. w. Li, “Sound waves in the compactified D0-D4 brane system,” Phys. Rev. D
94, no. 6, 066012 (2016) doi:10.1103/PhysRevD.94.066012 [arXiv:1608.04075 [hep-th]].
[22] D. Mateos, R. C. Myers and R. M. Thomson, “Thermodynamics of the brane,” JHEP 0705,
067 (2007) doi:10.1088/1126-6708/2007/05/067 [hep-th/0701132].
[23] A. Cherman, T. D. Cohen and A. Nellore, “A Bound on the speed of sound from holography,”
Phys. Rev. D 80, 066003 (2009) doi:10.1103/PhysRevD.80.066003 [arXiv:0905.0903 [hep-th]].
[24] P. M. Hohler and M. A. Stephanov, “Holography and the speed of sound at high temper-
atures,” Phys. Rev. D 80, 066002 (2009) doi:10.1103/PhysRevD.80.066002 [arXiv:0905.0900
[hep-th]].
[25] P. Benincasa, A. Buchel and A. O. Starinets, “Sound waves in strongly coupled non-conformal
gauge theory plasma,” Nucl. Phys. B 733, 160 (2006) doi:10.1016/j.nuclphysb.2005.11.005
[hep-th/0507026].
[26] C. P. Herzog, “The Sound of M theory,” Phys. Rev. D 68, 024013 (2003)
doi:10.1103/PhysRevD.68.024013 [hep-th/0302086].
[27] Li Li, “Hyperscaling Violating Solutions in Generalised EMD Theory,” Phys. Lett. B 767
(2017) 278.
[28] E. Blauvelt, S. Cremonini, A. Hoover, L. Li and S. Waskie, “Holographic model for the
anomalous scalings of the cuprates,” Phys. Rev. D 97, no. 6, 061901 (2018)
[29] S. Cremonini, A. Hoover, L. Li and S. Waskie, “Anomalous Scalings of the Cuprate
Strange Metals from Non-Linear Electrodynamics,” Phys. Rev. D 99, 061901 (2019)
[arXiv:1812.01040].
[30] S. Cremonini, A. Hoover and L. Li, “Backreacted DBI Magnetotransport with Momentum
20
Dissipation,” JHEP 1710 (2017) 133.
[31] M. Brigante, H. Liu, R. C. Myers, S. Shenker, and S. Yaida, Viscosity bound violation in
higher derivative gravity, Phys. Rev. D 77, 126006 (2008).
[32] X.-H. Ge and S.-J. Sin, Shear viscosity, instability and the upper bound of the Gauss-Bonnet
coupling constant, J. High Energy Phys. 05 (2009) 051.
[33] X. H. Ge, S. Sin, S. Wu, and G. Yang, Shear viscosity and instability from third order Lovelock
gravity, Phys. Rev. D 80, 104019 (2009).
[34] X. H. Ge, Y. Ling, C. Niu, and S. J. Sin, Thermoelectric conductivities, shear viscosity, and
stability in an anisotropic linear axion model, Phys. Rev. D 92, 106005 (2015).
[35] Y. Matsuo, S.-J. Sin, S. Takeuchi, T. Tsukioka, C.-M. Yoo, Sound Modes in Holographic
Hydrodynamics for Charged AdS Black Hole, Nucl. Phys. B 820 (2009) 593.
[36] A. Buchel, “Transport properties of cascading gauge theories,” Phys. Rev. D 72, 106002 (2005)
doi:10.1103/PhysRevD.72.106002 [hep-th/0509083].
[37] G. Policastro, D. T. Son and A. O. Starinets, From AdS/CFT correspondence to hydrody-
namics II: sound waves, JHEP 0212 (2002) 054 [arXiv:hep-th/0210220]; P. K. Kovtun and A.
O. Starinets, Quasinormal modes and holography, Phys. Rev. D 72 (2005) 086009 [arXiv:hep-
th/0506184].
[38] T. Springer, Sound mode hydrodynamics from bulk scalar fields, Phys. Rev. D 79, 046003
(2009) [arXiv:0810.4354].
[39] J. Mas and J. Tarrio, Hydrodynamics from the Dp-brane, JHEP 0705 (2007) 036 [arXiv:hep-
th/0703093].
[40] X. H. Ge, S. J. Sin, Y. Tian, S. F. Wu and S. Y. Wu, “Charged BTZ-like black
hole solutions and the diffusivity-butterfly velocity relation,” JHEP 1801, 068 (2018)
doi:10.1007/JHEP01(2018)068 [arXiv:1712.00705 [hep-th]].
[41] K.A. Bronnikov, R.A. Konoplya, and A. Zhidenko, “Instabilities of wormholes and regular
black holes supported by a phantom scalar field,” Phys. Rev. D 86, 024028 (2012).
[42] X.-M. Kuang and J.-P. Wu, “Thermal transport and quasi-normal modes in GaussCBonnet-
axions,” theory, Physics Letters B 770 (2017) 117
[43] H. Kodama and A. Ishibashi, “Master equations for perturbations of generalized static
black holes with charge in higher dimensions,” Prog. Theor. Phys. 111, 29 (2004)
doi:10.1143/PTP.111.29 [hep-th/0308128].
21
[44] X. H. Ge, Y. Matsuo, F. W. Shu, S. J. Sin and T. Tsukioka, “Viscosity Bound, Causal-
ity Violation and Instability with Stringy Correction and Charge,” JHEP 0810, 009 (2008)
doi:10.1088/1126-6708/2008/10/009 [arXiv:0808.2354 [hep-th]].
[45] M. Kaminski, K. Landsteiner, F. Pena-Benitez, J. Erdmenger, C. Greubel and P. Kerner,
“Quasinormal modes of massive charged flavor branes,” JHEP 1003, 117 (2010)
doi:10.1007/JHEP03(2010)117 [arXiv:0911.3544 [hep-th]].
[46] S. Grozdanov, K. Schalm and V. Scopelliti, “Black hole scrambling from hydrodynam-
ics,” Phys. Rev. Lett. 120, no. 23, 231601 (2018) doi:10.1103/PhysRevLett.120.231601
[arXiv:1710.00921 [hep-th]].
22
